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1. Introduction 

 

For 
nRx , and 0r , let  rxB ,  be the open ball centered at   with the 

Radius r , and  rxBc ,  be its complement. The well-known classical Hardy-

Littlewood maximal operatör M  is defined by 

 
 

 
 





rxB

r

dyyf
rxB

xMf
,

0

,
,

1
sup  

where  n

loc RLf 1  and  rxB ,  is the Lebesgue measure of the ball  rxB , . 

Let T  is a sublinear operator, and satisfies that for any  nRLf 1  with 

compact support and fppsux , 

 
 

)1(.



nR

n
dy

yx

yf
CxTf  

We point out that the condition (1) was first introduced by Soria and Weiss 

[20]. The condition (1) are satisfied by many interesting operators in harmonic 

analysis, such as the Calderón-Zygmund operators, the Carleson’s maximal 

operators, the Fefferman’s singular integrals, the Ricci-Stein’s oscillatory singular 

integrals, the Bochner-Riesz means and so on (see  [17, 20] for details). 

As is well known, the commutator is also an important operator and it 

plays a key role in harmonic analysis. Recall that for a locally integrable function   

and a integral operatör T , the commutator formed by b  and T  is defined by 

  TbbTTb , . The commutators of the fractional maximal operator, the 
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fractional integral operator and the Calderón-Zygmund singular integral operator 

have been intensively studied, see  for more details. In this paper, the maximal 

commutator operatör bM  under consideration is of the form 

 
 

     
 
 


rxB

r
b dyyfybxb

rxB
xfM

,
0

,
,

1
sup  

for  n

loc RLf 1 . 

To study a class of commutators uniformly, one can also introduce some 

sublinear operators with additional size conditions as before. For a function b , 

suppose that the commutator operator bT  represents a linear or a sublinear 

operator, which satisfies that for any  nRLf 1  with compact support and

fppsux , 

|   ( )|  ∫
| ( )   ( )|

|   |   
| ( )|    

The operator bT  has been studied in [12, 17]. 

Let  1:1  xRxS nn
 is the unit sphere of  2nRn

 equipped 

with the normalized Lebesgue measure. Suppose that   satisfies the following 

conditions. 

 i  is a homogeneous function of degree zero on 
nR . That is,  

   xtx                                                            (2) 

for all 0t  and 
nRx . 

 ii  has mean zero on 
1nS . That is, 

  )3(,0
1





nS

xdx  

where xxx /  for any 0x . 

The Marcinkiewicz integral operator of higher dimension   is defined by 

     
2/1

0

3

2

, 












 




t

dt
xfFxf t ,

 

where 

  
 

 
 
 






txB

nt dyyf
yx

yx
xfF

,

1, . 

It is well known that the Littlewood-Paley g -function is a very important 

tool in harmonic analysis and the Marcinkiewicz integral is essentially a 

Littlewood-Paley g -function. In this paper, we will also consider the commutator 

b,  which is given by the following expression 
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where 

 
 

      
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 


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1, )( . 

On the other hand, the study of Schrödinger operatör VL   recently 

attracted much attention. In particular, Shen [21] considered pL  estimates for 

Schrödinger operators L  with certain potentials which include Schrödinger Riesz 

transforms njL
x

R
j

L

j ,,1,2

1









. Then, Dziubanński and Zienkiewicz [10] 

introduced the Hardy type space  n

L RH 1
 associated with the Schrödinger operatör

L , which is larger than the classical Hardy space  nRH 1
, see also [1, 2, 3, 13, 

14]. 

Similar to the classical Marcinkiewicz function, we define the 

Marcinkiewicz functions ,j  associated with the Schrödinger operator L  by 

       
 
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3

2
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, ,
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t
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L

j

L
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where     yxyxKyxK L

j

L

j  ,
~

,  and  yxK L

j ,
~

 is the kernel of 

njL
x

R
j

L

j ,,1,2

1









. In particular, when 0V , 
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1
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~
 is the kernel of 

nj
x

R
j

j ,,1,2

1









. In this paper, we write    yxKyxK jj ,,   and 

       
 

.,
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0 ,
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
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





  



t

dt
dyyfyxKyxxf

txB

jj  

Obviously, ,j  are classical Marcinkiewicz functions with rough kernel. 

Therefore, it will be an interesting thing to study the property of 
L

j , . The main 

purpose of this paper is to show that Marcinkiewicz operators with rough kernel 
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associated with Schrödinger operators 
L

j , , nj ,,1  are bounded on mixed 

Lebesgue space  np RL


,  p


1 . 

The commutator of the classical Marcinkiewicz function with rough kernel 

is defined by 

            
 

2/1

3

2
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

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

  



t

dt
dyyfybxbyxKyxxf

txB

jbj  

The commutator 
L

bj ,,  formed by  nRBMOb  and the Marcinkiewicz 

function with rough kernel 
L

j ,  is defined by 

            
 
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
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  



t

dt
dyyfybxbyxKyxxf

txB

L

j

L

bj  

Let  n

loc RLf 1 . The maximal operator with rough kernel M  is 

defined by 

       
 

dyyfyxtxBxfM
txB

t
 






,

1

0

,sup . 

It is obvious that when 1 , M  is the Hardy-Littlewood maximal 

operator M . For  nloc RLb 1  the commutator of the maximal operator bM ,  is 

defined by 

           
 

dyyfyxybxbtxBxfM
txB

t
b  






,

1

0
, ,sup  

We find the conditions with  nRBMOb  which ensures the 

boundedness of the operators njL

bj ,,1,,,   on mixed Lebesgue space 

   pRL np 

1, . 

By      we mean that CBA  for some constant 0C , and BA   

means that     and      
 

2. Definitions and preliminaries. 

 

Throughout the paper, we use the following notations. 

For any 0r  and 
nRx , let    rxyyrxB  :,  be the ball 

centered at x  with radius r . Let   0,:,  rRxrxBB n
 be the set of all such 

balls. We also use E   and E  to denote the characteristic function and the 

Lebesgue measure of a measurable set E  
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Definition 2.1.  For  p1 , a non-negative function  n

loc RLw  is said to be 

an  n

p RA  weight if  

      



































p

p

B

p

p

B
BB

A dxxw
B

dxxw
B

w
p

11
sup . 

A non-negative local integrable function w  is said to be an 1A  weight if  

    
B

xCwdyyw
B

1
a.e. Bx  

 for some constant 0C . The infimum of all such C  is denoted by  
1Aw . We 

denote A   by the union of all   pAp 1   functions. 

Theorem 2.1. ([9]) Suppose that   be satisfies the conditions (2) and 

 1

 nSL . Then for every  p1  and  n

p RAw , there is a constant C  

independent of   such that 

  wpwp LL
fCfM ,,  . 

Theorem 2.2. ([4]) Suppose that   be satisfies the conditions (2) and 

 1

 nSL . Let also  nRBMOb . Then for every  p1  and 

 n

p RAw , there is a constant   independent of   such that 

  wpwp LLb fCfM ,,,  . 

Theorem 2.3. ([7]) Suppose that   be satisfies the conditions (2), (3) and 

 1

 nSL . Then for every  p1  and  n

p RAw , there is a constant C  

independent of   such that  

  wpwp LL
fCf ,,   

Theorem 2.4. ([8]) Suppose that   be satisfies the conditions (2), (3) and 

 1

 nSL . Let also  nRBMOb . Then for every       and 

 n

p RAw , there is a constant 0C  independent of   such that  

  wpwp LLb fCf ,,,  . 

Note that a nonnegative locally qL  integrable function  xV  on 
nR  is said 

to belong to   qBq 1  if there exists 0C  such that the reverse Hölder 

inequality 

 
 

   
 

 

)4(
,

1

,

1

,

/1
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
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
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

















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rxB

q

rxB

q dyyV
rxB

CdyyV
rxB
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holds for every ball 
nRx  and 0r , where  rxB ,  denotes the open ball 

centered at x  with radius r ; see [21]. It is worth pointing out that the qB  class is 

that, if qBV   for some 1q , then there exists 0 , which depends only n  

and the constant C  in (4), such that  qBV . Throughout this paper, we always 

assume that nBV 0 . 

The classical Morrey spaces ,pM  were originally introduced by Morrey 

to study the local behavior of solutions to second order elliptic partial differential 

equations. For the properties and applications of classical Morrey spaces. 

In 2019, Nogayama [19] considered a new Morrey space, with the 
pL  

norm replaced by the mixed Lebesgue norm  np RL


, which is call mixed Morrey 

spaces.  

We first recall the definition of mixed Lebesgue space defined in [5]. 

Let    nnppp  ,0,,1 


. Then the mixed Lebesgue norm 
pL
  or 

 npp
L

,,1 
  is defined by 

   

n

nppp

p

R

n

p

p

R

p

p

R

p

nLL
dxdxdxxxxfff

1

2121

2

3

1

2

1

,, ,,,
















































    

  

where CRf n :  is a measurable function. If jp  for some nj ,1 , then 

we have to make appropriate modifications. We define the mixed Lebesgue space  

    nppnp RLRL n


,1  to be the set of all locally integrable functions f  with 

pL
f  . 

First, we review the definition of  nRBMO , the bounded mean oscillation 

space. A function  n

loc RLf 1  belongs to the bounded mean oscillation space 

 nRBMO  if 

 
   

 
 

 rxB

rxB
rRx

BMO
dyfyf

rxB
f

n
,

,
0, ,

1
sup . 

If one regards two functions whose difference is a constant as one, then the space 

 nRBMO  is a Banach space with respect to norm 
BMO

 . The John-Nirenberg 

ineuqalitiy for BMO  yields that for any  p1  and  nRBMOf  , the 

BMO  norm of f  is equivalent to 
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 
   

 

.
,

1
sup

/1

,

,
0,

q

rxB

q

rxB
rRx

BMO
dyfyf

rxB
f

n
q 













 



 

Recall that for any    nnppp  ,1,,1 


, the John-Nirenberg inequality for 

mixed norm space [16] shows that the BMO  norm of all  nRBMOf   is also 

equivalent to 

    

  p

p

n
p

LrxB

LrxBrxB

rRx
BMO

ff
f







,

,,

0,

sup







. 

The following property for BMO  functions is valid. 

Lemma 2.1.  Let  nRBMOf   . Then for all tr  20 , we have 

   
r

t
fCff

BMOtxBrxB ln,,  . 

As we know, the Hardy-Littlewood maximal operator M  is bounded on 

 np RL


,  p


1  (see [19]), but there is no complete boundedness results for 

some other operators on the mixed Lebesgue spaces. To prove the boundedness of 

some important operators on the mixed Lebesgue space in a uniform way, we will 

give the extrapolation theorems on mixed Lebesgue spaces, which have their own 

interest. 

The extrapolaton theory on mixed Lebesgue spaces relies on the classical 

pA  weight (see [11]). 

We also need the boundedness of M  on mixed norm space  np RL


[19]. 

Lemma 2.2.  For  p


1 , there holds 

   npnp RLRL
fCMf   . 

By F , we mean a family of pair  gf ,  of non-negative measurable 

functions that are not identical to zero. For such a family 0, pS  and a weight 

qAw , the expression 

        
nn R

p

R

p
dxxwxgCdxxwxf ,   Fgf ,  

means that this inequality holds for all pair   Fgf ,  if the left hand side is 

finite, and the implicated constant depends only on p  and qA . 

Now we give the extrapolation theorems on the mixed Lebesgue spaces. 

The first one is the diagonal extrapolation theorem. 

Theorem 2.5.  Let  00 p  and    nnppp  ,0,,1 


. Let  nRMgf ,  

. Suppose for every 1Aw , we have  



PROCEEDINGS OF IAM, V.14, N.1, 2025 

 

101 

 

        
nn R

p

R

p
dxxwxgCdxxwxf 00 ,   Fgf , .                      (5) 

Then if, 0pp 


, we have  

   npnp RLRL
gCf   ,   Fgf , . 

Proof. Without loss of generality, one may assume f  is a non-negative function. 

We use the Rubio de Francia iteration algorithm presented in . 

Let 0/ ppp


  and 0/ ppp 


. By the assumptions and Lemma 2.2, the 

maximal operator is bounded on  np RL



, so there exists a positive constant B  

such that 

   npnp RLRL
fBMf    . 

For any non-negative function h , define a new operator Rh  by 

 
 







0 2k

kk

k

B

xhM
xRh  

where for 
kMk ,1  denotes k  iterations of the maximal operator, and 

0M  is the 

identity operator. The operator R  satisfies  

   xRhxh  ,                                                           (6) 

pp LL
hRh    2 ,                                                        (7) 

                                              
BRh

A
2

1

 . 

The inequality [16] is straight-forward. Since 

  BRh
B

hM
B

B

hM
RhM

k
kk

k

k
kk

k

2
2

2
2 10

1

 










, 

the properties [17] and [18] are consequences of Lemma 2 and the definition of 1A

. Since the dual of  np RL


 is  np RL



 , we get 

   












  

n

p
pp

R
L

p

L

pp

L
hhdxxhxfCff 0,1:sup 000  .                    (8) 

By Hölder’s inequality on the mixed Lebesgue spaces and [16], we have 

          p
p

nn
LL

p

R

p

R

p
hfCdxxRhxfCdxxhxf 000 .                         

(9) 

In view of (6) and  1ARh , we use (5) with  xRhw   to obtain 

            













 

nnn R

p

R

p

R

p
dxxRhxgCdxxRhxfCdxxhxf 000  
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Combining (7) with (9) and using Hölder’s inequality on the mixed Lebesgue 

spaces again, we arrive at 

       
pppp

n L

p

LLL

p

R

p
RhgRhgCdxxhxf


 

000 .              (10) 

Therefore 

  ppp LLL
hCRhRh 

  .                                             (11) 

By taking supremum over all  np RLh


  with 1pL
h  (8), (10) and (11) 

give us the desired conclusion (2.17).  

We point out that when 2n , there are different versions of the diagonal 

extrapolation theorem [15] and the off-diagonal extrapolation theorem [22] on 

mixed Lebesgue spaces, which are different form Theorem 2.5. 

By the density of smooth functions with compact support  n

c RC
 in the 

mixed Lebesgue space    pRL np 

1,  (see [5]), one can apply Theorem 2.5 to 

the mapping property of some sublinear operators. 

Theorem 2.6.  Suppose  pp


00  and T  is a sublinear operator such that 

for every 1Aw ,  

        
nn R

p

R

p
dzzwzfCdzzwzTf 00 ,  n

c RCf  . 

Then T  can be extended to be a bounded operator on  np RL


 . 

Proof. By Theorem 2.5, for any  n

c RCf  , we have 

pp LL
gCTf   . 

Since T  is a sublinear operator, we have      gfTgTfT  , and hence, 

for any  n

c RCgf , , we have 

  ppp LLL
gfCgfTTgTf   . 

Since  n

c RC
 is dense in  np RL



, the above inequalities guarantee that T  can be 

extended to be a bounded operator on  np RL


 .  

The following corollary is a consequence of Theorem 2.6 and the weighted 

boundedness of the corresponding operators. 

Corollary 2.1.  Let  p


1 ,  nRBMOb , then bbMM ,,,,    are all 

bounded on  np RL


 . 

Proof. It is well known that bbMM ,,,,    are all sublinear operators, and 

bounded on   
  (  ) for arbitrary  01 p  and 

0pAw  (see  for example). 
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Since pAA 1 , Theorem 2.6 implies that bbMM ,,,,    are all bounded on 

 np RL


 for all  pp


0 . In view of the arbitrariness of  01 p , 

bbMM ,,,,   are also bounded on  np RL


 for all  pp


0 . 

 

3. Conclusion. In this paper we study the boundedness of the Marcinkiewicz 

operator
  on mixed Lebesgue spaces  np RL



. As an application, we obtain the 

boundedness of the commutator of the Marcinkiewicz operator ,b
 
on mixed 

Lebesgue spaces  np RL


. 
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